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<2 concept of himnt, continuity and deny ative plavs an important rele in real and complex analysis. In

e2: analysis lim _r'{r} = L means that value of the funcuon [[x) can be made arbitranily close to real
X-+(l

mamber L if the values of x are chosen sufficiently close to, but not equal to the real number a. The

socaplex limit is analogous to the concept of limit in real analysis in the sense that lim f(z) = L means
"":u

=21 the value of the function f(z) can be made arbitranly close to the complex number L if values of z
== chosen sufficiently close to, but not equal to the complex number z;. A concept of limit in complex
= the same as a real limit except that it is based on notion of “close™ in complex plane. As the concept of
=ntinuily, denvative was all defined in terms of the concept of a limit, so there 15 important difference
Setween the concept of denvatve of a function in case of calculus of real function f(x) and complex
#=wuon f(z).In this chapter we will define limit, derivative of a complex function and interpret the
=iference between the real limit, derivative with the complex limit and derivative with the help of
PEXAMPICS. '

< DEFINITION 1.1 LIMIT OF A COMPLEX FUNCTION:

e{_ be a complex valued function defined in a deleted neighborhood of z; and suppose that L is a
Fzmmplex number. We say that the *limit of f as z tends to z; exist and equal to L™ if for every € > 0
' muere exist a 8 > 0 such that |f(z) — L| < € whenever 0 < |z — z5| < & and wnitten as

lim f(z)=L if0<|z—-z5| <&then |f(z)-L| <€

I—=In

e

. “omplex and real limit have many common properties but there is one very important difference.
=t real function lim f(x) = Lifand only if lim f(x) = Land lim f(x)=1L

x—=a X—a x—a
Tt 15, there are two directions from which x can approach a on the real line (From the night or from
»+ |eft). The real limit cxists if and only if both the limit has equal value. But in casc of complex
smction Z 15 allowed to approsch zg along infinite number of paths (From any direction in the complex

2n¢). Therefore, in order that :"T f(z) =L exists and equal to L, f(z) must approach the same
o

—-mplex number L along every possible path through z.
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Figure 1.1 Twe wayi is spprasch & polat slang real lae Flgure 1.2.2 Dilferent wuys (o spproach palot z Is cumples plane

Definition 1.3 Derivative of a Complex Function

Suppose the complex function f is defined in a neighborhood of a point z,. The derivative of fat zg,

denoted by f'(zp) is
£(2)=f(zs)

f'(zp) = lim provided limit exists  ....ooieeen (1)
- e M I=Ig i
LetAz =2z — 2, ¥
- ' - (zg+ax)=[lzy) . .
Therefore f'(zp) = LI-TQL— ............ (i1)

Ar d
For a complex function f to be differentiable at a point z;, the limit in (i) must exist and equal to the §&
same complex number from any direction. That is the limit must exist regardless of how Az approaches
0. This means that, in complex analysis, the requirement of differentiability of a function f{z) at 2o is &
far greater demand than in real calculus of function f{x) where we can approach a real number xg, alung:
only two directions.

< RULES OF DIFFERENTIATION: '
All the familiar rules of differentiation i.e., constant rule, sum rule, product rule, quotient rule, chain rulel
in the calculus of real functions carry over the calculus of complex functions. -
Theorem-1.4 If f is differentiable at a point 2, in a domain D, then f is continuous at Zo.
Theorem-1,5 Cauchy-Riemann Equations
Suppose f(z) = u(x,y) + { v(x,y) is diffcrentiable at a point z,, then at point z, the first order pa
derivatives of u and v exist and satisfy the C-R equations

u, =v,and u, = —v,

< DEFINITION 1.6 ANALYTIC FUNCTION: _
A complex function f{z) is said to be analytic at a point zg if fis differentiable at z, and at every point &
some neighborhood of zg. T.

< COMPARISON WITH REAL ANALYSIS:

| In real calculus the derivative of functions y=f(x) at a point has many graphical and ph il

interpretations,
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eg.,
2) Derivative f'(x) at a particular point represent the slope of a tangent line to the graph of function y =

f(x)

b) When the slope is positive, negative or zero, the function is increasing, decreasing or possibly has
maximum or minimum.

¢) f'(x) can be interpreted as a velocity of moving object.

But none of these interpretations carry to the complex calculus. However, the graph of a function f:C—
Cis a subset of R? x R?. That is not possible to represent it on two-dimensional page. Thus, we cannot
draw the graph of a complex function on one graph. The geometric representation of complex function

w = f(z) consist of two figures, the first a subset in the XY-plane and the second its image in UV-
plane.

LY

2. In real analysis, if a function f possesses first derivative, there is no guarantee that f possesses any

y other higher derivatives.

¢.g, On interval (2,2), f(x) = x /2 is differentiable at x=0 but f'(x) = gx"’z is not differentiable at
x=0),

But in complex analysis, if a function f is analytic in a domain D, this will guarantee that f possesses
higher order derivatives at all points in D,

Examples 1.7
1. The real function f(x) = x is differentiable everywhere, but the complex function f(z) = Re(z)
Or f(z) = x is nowhere differentiable in the whole complex plane.
We have
’ — M. Slz4AZ)=f(x)
) L v —
x+Ax-x
= lim
= Az—0 Ax+iAy

im
Azr—0 Ax+iAy
If we calculate limit along real axis (Ax = 0 and Ay = 0) and along imaginary axis (Ay — 0 and Ax =
0) we get different values of limit. So f(z) = x is nowhere differentiable in C.
2. f(z) = |z| is differentiable everywhere except z = 0, when f is considered as a function from B? —
R?. But in case when we consider complex differentiability, f is nowhere differentiable for all zZ€C.

Wehave f(x,y) = /x? + y? When we consider f: RZ2 — R2 then clearly f; = _J?Tx_'IF

fy = JxT]:rF both partial derivatives exist for all (x,y) = (0,0). _

f(2) = |z| = Jx* + y7 is differentiable everywhere except z = 0, when f is considered as a function
from R? — R2,

But when we consider complex differentiability

Wehave f(2) = u+iv=/x2 + y?

Therefore u = /x> +y?and v = 0

Clearly u, # vy anduy, # —v, forallzeC

Therefore f is nowhere differentiable when we consider complex differentiability.

3. f(2) = z|z| is differentiable everywhere when f is considered as a function from R* = R?. But in
case when we consider complex differentiability, £ is differentiable only for z=0

We have f(z) = z|z| = xJx2 + y? + iy Jx2 + y?

fx,y) =xxZ 4y 4iy x4 y?
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Then clearly, we can see that both partial derivatives f and f, exist for all (x,y) € R?
But when we consider complex differentiability at z = 0 by definition of derivative

f'(z0) = lim f(2) — f(z)

Iy ?.—‘Zr_,

; o zlz] =0
{19 g z—0

£1(0) =0 |
Hance f is € differentiable at z = 0 and for z # 0 u, # v, and u, # —v, (C-R equations are no
satisfied)
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